Abstract. In this paper we consider second order evolution equations with bounded damping. We give a characterization of a non uniform decay for the damped problem using a kind of observability estimate for the associated undamped problem.
Introduction and main results
Let X be a complex Hilbert space with norm and inner product denoted respectively by ||.|| X and ., . X . Let A be a linear unbounded self-adjoint and strictly positive operator in X and V = D(A 2 ) obtained by means of the inner product in X. Further, let U be a complex Hilbert space (identified to its dual) and B ∈ L(U, X). Most of the linear control problems coming from elasticity can be written as (1.1) w ′′ (t) + Aw(t) + Bu(t) = 0, w(0) = w 0 , w ′ (0) = w 1 , where w : [0, T ] → X is the state of the system, u ∈ L 2 (0, T ; U ) is the input function and denote the differentiation with respect to time by "′".
We define the energy of w(t) at instant t by E(w(t)) = 1 2 ||w ′ (t)|| This is why, in many problems coming in particular from elasticity, the input u is given in the feedback form u(t) = B * w ′ (t), which obviously gives a nonincreasing energy and which corresponds to collocated actuators and sensors.
The aim of this paper is to give sufficient and necessary conditions on the conservative system (1.5) making the corresponding closed loop system
non uniformly stable. The strategy to get such a decay rate will consist to generalize a kind of observability estimate given in [6] . Any sufficiently smooth solution of (1.3) satisfies the energy estimate
In particular (1.4) implies that
In the natural well-posedness space V × X, the existence and uniqueness of finite energy solutions of (1.3) can be obtained by standard semi-group methods.
Denote by φ the solution of the associated undamped problem
It is well known that (1.5) is well-posed in D(A) × V and in V × X. Our main result is stated as follows: Let G be a continuous positive increasing real function on [0, +∞) and define the function F by
Theorem 1.1.
(1) Assume that there exists C > 0 such that for all nonidentically zero initial data (w 0 , w 1 ) ∈ V × X and for all t > 0, the solution w of (1.3) satisfies:
then there exists C > 0 such that the solution φ of (1.5) satisfies:
where
is an increasing function and there exists C > 0 such that for all non-identically zero initial data (w 0 , w 1 ) ∈ D(A) × V , the solution φ of (1.5) satisfies:
Then there exists C > 0 such that for all t > 0, the solution w of (1.3) satisfies:
Corollary 1.2. The weak observability * i.e. there exist T, C > 0 such that for all (w 0 , w 1 ) ∈ V × X the solution φ of (1.5) satisfies
The paper is organized as follows: In section 2 we prove our main result and in the last section we give some applications both in the linear and the nonlinear case. Decay rates for nonlinear dissipations were obtained under our generalized observability estimate. Here we mention that the literature is less provide. We cite essentially [1, 7] .
Proof of Theorem 1.1
The following lemma will be very useful.
Lemma 2.1. Let H (resp. G) be a continuous positive decreasing (resp. increasing) real function on [0, +∞). Suppose that H is bounded by one and there exists a positive constant c such that
) is an increasing function, then there exists C > 0 such that for any t > 0,
The proof is similar to that of Lemma B in [6] . Since our result is more general, we give it for the reader's convenience.
Proof. Let t > 0. We distinguish two cases:
+ s and we get
The inequalities (2.13) and (2.15) give
We introduce the function Ψ t defined on ]0, +∞[ by:
We distinguish two cases:
•
and we deduce (2.20)
Consequently,
Using the increasing property of
We have proved that for all s, t > 0, we have either
In particular, we deduce that for any t > 0 and n ∈ N * , either
Hence, we have
Therefore, for all t > 0 and n ∈ N * , (2.25)
Choose n such that n + 1 ≤ t < n + 2 and make use again of the increasing property of
, we get for all t ≥ 2 :
Since |G −1 (x)| ≤ |F −1 (x)| close to zero, the desired result follows immediately.
After, we give the proof of the main result.
Proof of (1). We combine (1.6) and the following formula:
to get:
, we obtain
We deduce that
Now, let us consider v = φ − w, then v satisfies the following system:
Multiply the first equation of (2.31) by v ′ , and integer by parts to get
Make use of Young inequality,
Hence,
Thanks to (2.34) and (2.35), we obtain (2.36)
Finally, by virtue of (2.30), we conclude the following estimate (2.37)
Proof of (2). Using similar arguments as previously, the inequality (1.8) becomes
Multiply the first equation of (2.31) by v ′ and integer by parts. It follows that
Let T > 0 be fixed, for all 0 ≤ t ≤ T , we have
E(v(t)).
Choose ε = 1 2CT , so we have
On the other hand, as
Hence, for T =
One can easily verify that
and consequently
SinceΛ is minimized, we get
By translating the time variable and using the formula
we obtain:
2C(E(w(0))+E(w ′ (0))) . Make use of the previous inequality and the decay of H, it follows that
Thanks to (2.11) and Lemma 2.1, there exists C such that
We conclude the desired result.
Some applications
We give some applications of Theorem 1.1. i) There exists C > 0 such that for all non-identically zero initial data (w 0 , w 1 ) ∈ V × X, the solution φ of (1.5) satisfies:
ii) There exists C > 0 such that for all non-identically zero initial data (w 0 , w 1 ) ∈ D(A) × V and for all t > 0, the solution w of (1.3) satisfies:
Remark 3.1. In [6] , the author construct a geometry with a trapped ray for the linear dissipative wave equation (the geometric control condition is then not fulfilled) and establish a polynomial decay rate when
on (0, r 0 ], p ∈ R + . The following statements hold.
i) The existence of a constant C > 0 such that the solution φ of (1.5) satisfies:
implies the existence of a constant C 1 > 0 such that for all non-identically zero initial data (w 0 , w 1 ) ∈ D(A) × V and for all t > 0, the solution w of (1.3) satisfies:
ii) The existence of a constant C 1 > 0 such that for all non-identically (w 0 , w 1 ) ∈ D(A) × V and for all t > 0, the solution w of (1.3) satisfies:
implies the existence of a constant C > 0 such that the solution φ of (1.5) satisfies: 
is a bounded function with a(x) ≥ 0 for all x ∈ Ω and g : R → R is a continuous strictly increasing function with g(0) = 0, sg(s) ≥ 0. We assume the additional conditions:
The energy of a solution is defined at instant t ≥ 0 by
E(u(t)) is a non-increasing function of time and satisfies, for all t 2 > t 1 ≥ 0 the identity
Denote by
. We introduce u l the solution of the linear locally damped problem:
and make the following assumption:
is an increasing function and there exists C > 0 such that for all non-identically zero initial data (u 0 , u 1 
The following result is deduced from Theorem 1.1 and [7, Proposition 3]. s Ω a(x)g(∂ t u(x, t))∂ t u(x, t)dxdt, (3.49)
for any h > 0 and any s ≥ 0 where
We have the following stabilization result for the nonlinear damped wave equation. s Ω a(x)g(∂ t u(x, t))∂ t u(x, t)dxdt.
Denoting by H(s) = E(u,s) (r−1)+X(u0,u1) , we deduce from (3.51) that • If c 0 s ≤ c
